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DENSITY OF POSITIVE LYAPUNOV EXPONENTS FOR 
SYMPLECTIC COCYCLES 

DISHENG XU 


Abstract. We prove that S'p(2d, R), HSp{2d) and pseudo unitary cocycles 
with at least one non-zero Lyapunov exponent are dense in all usual regularity 
classes for non periodic dynamical systems. For Schrodinger operators on the 
strip, we prove a similar result for density of positive Lyapunov exponents. It 
generalizes a result of A.Avila in [2] to higher dimensions. 


1. Introduction and main result 

Let / : X —>■ X be a homeomorphism of a compact metric space, and ^ a 
/—invariant probability measure on X, and F be either M or C. Suppose A : X ^ 
5L(n, F) or GL(n, F) is a bounded measurable map, we can define the linear cocycle 
(/, A) acting on X X F^) as the following: 

{x,y) ^ {f{x),A{x) -y) 

Some examples of linear cocycles are the derivative cocycle {f,Df) of a Ca¬ 
rnap of arbitrary dimensional torus, the random products of matrices, Schrodinger 
cocycles, etc. 

The main object of interest of linear cocycles is the asymptotic behavior of the 
products of A along the orbits of /, especially the Lyapunov exponents. We consider 
the following definition. 

The iterates of (/, A) have the form (/”, A”), where 

(A{f'^-^{x))---A{x),n > 1 
A"(a;) := < id, n = 0 

[A{P{x))-^ ■ ■ ■ A{f-^{x))-^,n < -1 
The top Lyapunov exponent for the cocycle {/, A) is defined by 

(1.1) Li{A) = L{A) = L{f,fi,A) = lim - [ \n\\A'^{x)\\dfi{x) 

n—>-oo n J 

The A:—th Lyapunov exponent is defined as, 

(1.2) Lk{A) := lim — [ \nak{A'^{x))dy{x) 

n—)-oo 77, J 

where crfe(A) is the fc—th singular value of A. We denote L^{A) := X)Li U(^)- 
The following remark gives the well-definedness of all the Lyapunov exponents: 

Remark 1. For A G GL{n,¥), we can define its natural action, A*^(A) on the space 
A'=(F"). 

A^(A) ■ vi A ■ ■ ■ Avk ■= Avi A • • • A Avk 
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As a result, for a cocycle (/, A) acting on X x¥^ we can define a cocycle (/, A'^{A)) 
on {X, A^(F")). By Oseledec theorem the top Lyapunov exponent of cocycle (/, A^{A)) 
is L'^iA). 

We say the Lyapunov exponent of linear cocycle A is positive if L{A) > 0, the 
Lyapunov spectrum of A is simple if 

Li{A) > ■■■> Ln{A). 

An important problem in the study of dynamical system is whether we can approx¬ 
imate a system by one with hyperbolic behavior. In the setting of linear cocycles, 
we always assume the base dynamics (/, /i) is fixed and only the fiber dynamics A 
should be allowed to vary. Then we ask whether the given linear cocycle can be 
approximated by one with positive Lyapunov exponents (or simple spectrum) in 
some regularity classes. 

Basically, the study of Lyapunov exponents of linear cocycles depends on the 
regularity classes and base dynamics. When the base dynamics has hyperbolicity, 
and the cocycles are in general position of some higher regularity spaces, they can 
in most cases ’’borrow” some hyperbolicity from the base dynamics. When (/,p) 
is a random system, for example for products of random matrices, simplicity of 
Lyapunov spectrum was investigated in H.Furstenberg [21) . H.Furstenberg and H. 
Kesten [22], Y.Guivarc’h and A.Raugi [25, etc. In particular, when the support of 
the distribution of random matrices is Zariski dense, we have simple Lyapunov spec¬ 
trum, see I.Y.Gol’dsheid, G.A.Margulis’s result in [22] for example. And A.Avila 
and M.Viana [12] gave a criterion of simplicity of Lyapunov spectrum for linear 
cocycles over Markov map and proved the Zorich-Kontsevich conjecture. 

When the ergodic system (/, fj.) is hyperbolic, M.Viana [37] proved for any s > 0, 
the set of C'*—cocycles with positive Lyapunov exponents are dense in C®—topology. 
G.Bonatti and M.Viana m proved the cocycles of simple Lyapunov spectrum 
are dense in the space of fiber bunched Holder continuous cocycles. For weaker 
hyperbolicity assumption on base dynamics, i.e. partial hyperbolicity, using the 
techniques of partially hyperbolic systems, A.Avila, J.Santamaria, M.Viana m 
proved there is an open dense subset in the space of fiber bunched Holder continuous 
cocycles with positive Lyapunov exponents. 

Of course there are many dynamical systems / without any hyperbolicity. A typ¬ 
ical one is quasiperiodic systems. A dynamics system (/, X, p) is called quasiperi- 
odic if ifyX) is an irrational rotation on torus preserving the Lebesgue measure 
p. The theory of Schrbdinger and 5'L(2, F)-cocycles over quasiperiodic systems are 
extensively studied, see [3], [9], [ID], i, [T8], [4] for example. In particular, A.Avila 
proved the stratified analyticity of Lyapunov exponents and obtained a global the¬ 
ory for one frequency quasiperiodic analytic Schrbdinger cocycles (see a)- 

Notice that for the results above in general we need some regularity restriction 
for the cocycles. For example some bunching condition (maybe non-uniformly) and 
Holder continuity are usually necessary for discussing cocycles over hyperbolic base 
system, and analyticity is a suitable assumption for cocycles over quasi-periodic 
systems. It is more difficult to study Lyapunov exponents for linear cocycles over 
general base systems and regularity class. Using a semi-continuity argument and 
Kotani theory in [29], [30], A. Avila and D.Damanik proved that if the system (/, p) 
is ergodic, then the set of cocycles with positive Lyapunov exponents is dense in 
C{X, SL{2, K)). A.Avila in [2] extended this result to all usual regularity classes of 
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S'L(2, R)—cocycles using a local regularization formula proved by complexification 
method. 

1.1. Main result for symplectic cocycles. In this paper, we generalize the 
result in [2] to symplectic, Hermitian-symplectic and pseudo unitary cocycles. 

Definition 1. The Symplectic group over¥, denoted hy Sp{2d^¥), is the group of 
all matrices M £ GL{2d,¥) satisfying 

M'^JM = J, with J = . 

The Hermitian-symplectic group HSp{2d) is defined as: 

HSp{2d) = {M G GL{2d,C) : M*JM = J}. 

The pseudo unitary group U{d,d) C GL{2d,C) is defined as: 

-O’- 

The special pseudo unitary group SU{d,d) is defined as: 

SU{d,d) := {A G U{d,d),detA = 1}. 

The special Hermitian symplectic group SHSpfild) is defined as: 

SHSp{2d) := {A G HSp{2d),detA = 1}. 

The Lie algebras of these groups are denoted respectively by 

sp(2d, F), (]sp(2d),u(d, d),5u{d, d),si)sp{2d). 

As in [5], we have the following definition for ample subspace of G{X, G), where 
G is a Lie group. Suppose g is the Lie algebra of G. 

Definition 2. A topological space *8 continuously included in G{X,G) is ample if 
there exists a dense vector space b C G(X, g), endowed with a finer (than uniform) 
topological vector space structure, such that for every A G ®,exp(6)A G 18 for all 
6 Gb, and the map b i-A exp(6)A from b to 18 is continuous. 

Remark 2. If X is a compact smooth or analytic manifold, then the usual spaces 
of smooth or analytic maps X —>■ G are ample in our sense. 

In this paper we prove the following theorem: 

Theorem 1. Suppose f is not periodic on supp{p,), and let *8 C C{X, Sp(2d,M.)) 
be ample. Then the set {A : L{A) > 0} is dense in *8. 

Corollary 1. The same result in Theorem holds if we replace Sp{2d,M) by 
SHSp{2d), SU{d,d), HSp{2d) and U{d,d). 

1.2. Stochastic Schrodinger operators and Jacobi matrices on the strip. 

The most studied (Hermitian) symplectic cocycles are stochastic Schrodinger oper¬ 
ator and Jacobi matrices on the strip, coming from the study of solid physics. For 
earlier studies of stochastic Jacobi matrices and Schrodinger operator on the strip 
and its relation to the Aubry dual of quasi-periodic Schrodinger operator, see m, 
[57], [5S], [3S] for example. 
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Consider the following Jacobi matrices on the strip 0: 

:/2(Z,C'^) ^ 

(1.3) u H> (hi^u)(n) = u{n + 1) + u{n — 1) + Vuj (n) ■ u{n) 

where the potential Vu)(n) is a dxd Hermitian matrix, when d = 1, it is 1—dimensional 
Schrodinger operator (on the line). 

In this paper we always assume the potential is dynamically defined, i.e. up) (n) := 
z;(/"(-)), V : X ^ Her{d) or Synid^ is a bounded measurable map, where (/, X, y) 
is defined as in the beginning of the paper, and Her{d), SynidF are respectively 
the set of Hermitian matrices and symmetric d x d matrices over the field F. 

Then for energy E, the corresponding eigenequation is the following: 

(1.4) hu = Eu, with potential v{f'^{x)). 

Notice that for any m : Z —>■ satisfies (HD, we have 

, . (u{n + l\ _ (E-v{P{x)) -Id] f u{n) \ 

^ ’ \uin))-[ Id )-[uin-l)) 

Then the associated linear cocycle (/, : X x C" X x C" is defined by 

(1.6) j^{E-v)^^-^^l\E-Id-vix)) 

Notice that (/, A) is a (Hermitian) symplectic cocycle when E gM.. 

As in [2, we denote L{A^^~'’'^) = L{E — v). Using a similar method to the proof 
of Theorem [1] we prove the following result for (Hermitian) symplectic cocycles 
related to the stochastic Jacobi matrices on the strip with form in (ll.3|l . 

Theorem 2. Suppose f is not periodic on supply) and let V C C{X, Her{d)) or 
C{X, SyiridM) be a dense vector space endowed with a finer topological vector space 
structure. Then for any E gR, the set of v such that L{E — v) > 0 is dense in V. 

Now we study Schrodinger operator on the strip. Suppose S C is a finite 

connected set0, we consider the following operator on P(Z x S). 

(1.7) u^{h^u){a)= ^ u{l3) + Vu,{a)u{a) 

|/3-a| = l, 

where for p = (xi,.. .,x^),q = {yi,.. .,y„), \p - q\ := Ei \^i “ 2/4 is a process 
ergodic under the one-dimensional group of translations. 

As in HH], dEZD can be viewed as an example of the stochastic Jacobi matrices on 
the strip with form in (11.31) . For example if 5" = {1,.., d} C Z, then the associated 
Jacobi matrices on strip are as follows: for u satisfies (II.7L let u : Z —>■ such 
that 

u{n) = (ui(n),..., Ud{n)), ufn) = u{i, n) 


^for more general Jacobi matrices with matrices entries, see [35], [33] for example. 

^As in m, S ^ is a connected set means every two points of S can be joint by a sequence 

of points in 5, and any two consecutive points PruPn+i satisfy \pn — Pn+i| = 1 • 
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then u satisfies ()1.3p with potential 


v^{n) 


1 

1 Va,{n,2) 1 

1 Vuj{n,3) 


\ 


\ 


1 

1 Vujin, k — 1) 1 

1 Vcj{n,k)J 


For general S, always has entries of v^j as diagonal elements and with non-random 
off-diagonal elements (be 0 or 1). 

For Schrodinger operator on the strip defined in (11.71) . if #(S') = d, and we 
consider the embedding ^ SynidM- by identifying a vector with the diagonal 
elements of a symmetric matrix, then each measurable bounded map v G {X, R'^) 

{X, SynidM.) induces a family of stochastic Schrodinger operator on strip, since the 
off-diagonal elements of the potential matrix are non-random. 

For potential u : X —>■ R'^ SymdM. and energy E, We denote by 
the cocycle associated to the eigenequation hu = Eu (with potential v{f^{x))) of 
Schrodinger operator on the strip. Then we have the following similar result to 
Theorem [2j 


Corollary 2. Suppose f is not periodic on supp{iJ,) and let V C (^(X, R"^) be a 
dense vector space with a finer topological vector space structure. Then for any 
E gM, the set of v such that = L{E — v) > 0 is dense in V. 


1.3. Main difficulty of the proof, novelty of the paper and some remarks. 

The key step in the proof of our result is to prove Theorem |4] in Chapter |4l Basi¬ 
cally speaking, it proves that, if the one parameter family of cocycles RgA satisfies 
L{RgA) = 0 for positive Lebesgue measure of 9, then the function m'^ can deter¬ 
mine m~, where are defined as in Kotani theory and [5], Rg is the higher 

dimensional rotation. 

Before that, we have to prove the monotonicity of fibered rotation function of 
family RgA, see section [23] and Lemma [4.131 To prove it, we consider a cone field 
on the Lagrangian Grassmannian induced by the invariant cone on Lie algebra of 
Hermitian type. This idea is inspired by the study of Maslov index, see [1] and [20) . 
0 

The main difficulty in the proof of Theorem [4| is to generalize Kotani theory to 
(Hermitian) symplectic cocycles. Basically the generalization of Kotani theory to 
Schrodinger cocycle on the strip is done by S.Kotani and B. Simon in [28) . Our 
approach is for general symplectic cocycles and is closer to the work of monotonic 
cocycles in [^[j Considering the geometry of Hermitian symmetric spaces and 
A'^(C^‘^), Theorem 5 will be further proved by some tricky calculations. 

In addition, in Appendix, using techniques of monotonic symplectic cocycles (see 
[SI]) we generalize some results of periodic Schrodinger operators and SL{2,R) 
CO cycles in 0,0 to higher dimensions. 


^ After this paper was completed, I found my proof of monotonicity of fibered rotation function 
in Chapter [3] partially coincided with the work of Hermann Schulz-Baldes in m and the work of 
Roberta Fabbri, Russell Johnson and Carmen Nunez in m . Thanks Qi Zhou for the references. 

^In fact, we can define monotonicity for symplectic cocycles similarly. Using techniques in [9] 
and this paper, we can get similar results to [9] for symplectic cocycles, see m- 
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These ideas are partially inspired by the studies of monotonic cocycles [9] , higher 
dimensional cocycles in |33j and [8] , the geometry of Hermitian symmetric space in 

[T5] and |20) . 

It is natural to ask whether the simplicity of Lyapunov spectrum holds for (Her¬ 
mitian) symplectic cocycles in a dense set of some regularity set over general base 
dynamics. The difficulty to prove it is that when only some of the Lyapunov ex¬ 
ponents coincides or vanishes we can not get too much dynamical information (for 
example, deterministic, see |28| or section 0 on the cocycles . It is also difficult 
to get the density of positive Lyapunov exponents for cocycles taking values in 
S'L(n,F) (except S'L(2,R)), or even to get the simplicity of Lyapunov spectrum. 
The basic difficulty lies in the following, Kotani theory, [2] and our paper heavily 
depend on the fact that the associated groups act biholomorphically on some Her¬ 
mitian symmetric spaces (see details in section IQ]) . which is not true for SL{n,V) 
unless SL(2,R). 

1.4. The structure of the paper. The outline of this paper is as follows: Chapter 
2-6 are dedicated to the proof for Theorem[Tl in fact the proof can be easily adapted 
to prove the rest of the results in this paper. 

Chapter 2 is a short introduction of the geometry of symplectic action on Siegel 
upper half plane and its boundary. 

Chapter 3 is dedicated to complexification of Lyapunov exponent and monotonic¬ 
ity of fibered rotation function, which implies an important equation in Lemma fTHl 

Chapter 4 is the proof for Theorem [H which is the most difficult part in this 
paper. 

Chapter 5,6 are the rest of the proof of Theorem [U based on the arguments 
(deterministic, semi-continuity, finitely-many-valued cocycles, local regularization 
formula, etc.) for Schrddinger and S'L(2,R) cocycles in [7] . [2] . [30] . [36] . [28] . 

Chapter 7 shows how to adapt the proof of Theorem [T] to Hermitian symplectic 
group case, pseudo unitary group case and Schrddinger operator on the strip. 

The appendix is for some properties of generic periodic (Hermitian) symplectic 
cocycles which are used in the proof of Theorem 0 

Acknowledgement. I would like to express my thanks to my director of thesis. 
Professor Artur Avila, for his supervision and useful conversations. I would like to 
thank Xiaochuan Liu for reading the hrst version of this paper, Qi Zhou for some 
useful suggestions for several versions. This research was partially conducted during 
the period when the author visited IMPA, supported by reseau franco-bresilien en 
mathematiques. 

2. Geometry of the symplectic group action 

2.1. Hermitian symmetric space, Bergman Shilov boundary and some 
notations. Basically speaking, Kotani theory, techniques of monotonic cocycles 
and Avila’s density result of Schddinger and «S'L(2, R)-cocycles heavily depend on 
the fact that the group SL{2,M.) (or SU{1, 1)) acts biholomorphically on Poincare 
upper half plane (or disc) in C. In particular, SL{2,M.) and ^{/(l,!) preserve 
corresponding Poincare metric. 

The higher dimensional extension of Poincare upper half plane (or disc) are Her¬ 
mitian symmetric spaces of non compact type. A Hermitian symmetric space is 
a Hermitian manifold which at every point has an inversion symmetry preserving 
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the Hermitian structure. Hermitian symmetric space appears in the theory of au- 
tomorphic forms and group representations. An example is the Siegel upper half 
plane and its disc model, our proof heavily depends on the fact that symplectic 
group can act on it isometrically. 

Bergman discovered that, different from the one variable case, for a large class 
of domain, a holomorphic function of several variables is completely determined by 
its values on a proper closed subset of the topological boundary of the domain. We 
call the minimal one the Bergman-Shilov boundary or Shilov boundary. 

In this paper, Shilov boundaries of Hermitian symmetric spaces that we are 
interested in are the set of unitary symmetric matrix Usym{^'^) and unitary group 
U{d) which can be identified with real or complex Lagrangian Grassmannian. 

We consider the following notations which will be used later. 

Definition 3. For a pair of complex d x d matrices M, N, we denote M > N if 
{M — N)* = M — N and M — N is positive definite. 

Definition 4. For a square matrix M, we denote Im{M) := ■ For a complex 

number z, lH(z) ;= := 

Remark 3. Later in Chapter we will define for an element in a complex 
Lie algebra with its real form q, which coincides with the definition here when 
0 = M,0^ = C. 

Definition 5. We denote by || • \\hs the Hilbert-Schmidt norm of matrix. 

2.2. The symplectic action on the models of Siegel upper half plane. We 

consider Siegel upper half plane and its disc model, which are the generalization of 
Poincare upper half plane and Poincare disc. 

Definition 6. The Siegel upper half plane SHd is defined as the following: 

SHd := {X + iY € SymaC, X,Y € Syrndf^, T > 0} 

Definition 7. We define SD^ as the set 

{Z G SymdCJd- ZZ >0} 

Notice that SDd is the set of complex dx d symmetric matrices with operator norm 
less than 1. 


Now we consider the symplectic action on SHd and SDd. 


LEMMA 1 . The symplectic group acts on the Siegel upper half plane transitively by 
the generalized Mobius transformations: 

Q ^ & Sp{2d,'R),Z G SHd,M ■ Z -.= {AZ Y B){CZ + D)-^ 

The stabilizer of the point i ■ Id G SHd is SO(2d,M.) fl Sp{2d,M.). 

Proof. See [50]. □ 



Consider the Cayley element 



O 


then for all 2d x 2d complex matrix A, we denote A := CAC We have: 
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G U{d, d) n Sp{2d, C) 


LEMMA 2. fl). The map A A is a Lie qroup isomorphism from Sp(2d,]&) to 
U{d,d)nsp{kc). 

(2). The group U{d,d) fl Sp(2d,C) acts on the set SDd transitively by the gen- 

(A B 

eralized Mobius transformations: suppose M = I ^ ^ 

then 

Z G SDd, M-Z:={AZ + B){CZ + D)-^ 

(3). The Cayley element induces a fractional transformation identifying SHd with 
SDd, i.e. for Z G SHd, ^c{Z) := {Z — i ■ Id){Z + i ■ Id)~^, we have the following 
commutative diagram: 

A 



SDd 


SDd 


Proof. See [20] . 


□ 


Now we define the projective model for SHd and SDd- Consider the com¬ 
plex Grassmannian G 2 d,dC, the set of all d—dimensional subspaces of and 
let M 2 d,d(C) be the space of all full rank 2d x d complex matrices and view the 
columns of these matrices as a basis of a subspace of 

If we consider the action of GL{d,C) by right multiplication on M 2 d,d{C), then 
the Grassmannian is 


For each 


fA 


'A 


, we use 

B 


G2d,d = M2d,d{C)/GL{d,C) 

to represent the class of 


The projective model 


SPHd of SHd will be the set of all classes that admit a representative of the type 



with Z G SymdC, Im{Z) > 0 


The group action on SPHd is the left matrix multiplication by a representative 
of the class: 


A 

z 


AZ -k B 


\AZ + B){GZ + D)-^' 

Vc dJ 

Id 


GZ + D 




The map connecting SHd to SPHd is 


SHd —>■ 


SPHd 

'Z' 

Id 


Similarly we can define the projective model SPDd of the disc SDd as the set 
of classes in M 2 d,d{C) that admit a representative of the type: 


^ with Z G SymdC, \\Z\\ < 1 

The symplectic action on SPDd and the identification between SPDd and SDd 
can be defined similarly. 

2.3. The boundaries of different models. 
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2.3.1. Stratification of finite and infinite boundaries. All the properties in this sub¬ 
section can be found in section 3 of [20] . 

Consider the boundary of SDd in SymfiC. 

dSDd = {Z'^ = Z,\\Z\\ = l} 

The Mobius transform is well-defined on dSDd- Moreover, it has a stratification, 
the strata are, for 1 < A: < d, 

dkSDd = {Z G dSDd : rank(/ — ZZ) = d — k) 

In particular, ddSDd = Usym{^'^) = UdH SyrudC, which is the Shilov boundary of 
SDd, and it is an orbit of U{d,d) fl S'p(2d, C)—action. 

We can also take the closure of the Siegel upper half plane in SynidC, 

SHd = {Z G SyrridC : lm(Z) > 0} 

and then map it to dSDd using the extensions of the map $< 7 , <I>^^ defined in 
Lemma |2| Notice that is not defined on the set 

{Z S dSDd, 1 S the spectrum of Z} 

We call this set the infinite boundary and its complement in dSDd the finite bound¬ 
ary. 

The finite boundary contains a part of every stratum. We have the following 
property: the image of the hnite part of the stratum dSDd under the extension of 
is 

iin{dkSHd) = {Z G Syrud'C : Im(Z) > 0, rank(Im(Z)) = d — k} 


2.3.2. An atlas of Shilov boundary. Consider Gii{ddSHd) = SyiridM., then $0 re¬ 
stricted to SyrudM- gives a chart of 


{Z G ddSDd, 1 ^ the spectrum of Z} 

Similarly, for an element g G SL{2, R), g = 
element, we get a chart of a dense subset of ddSDd- 

: SynidM. - 


^ ^ j, composite with the Caylay 


d — tc 

{Z G ddSDd, -^ ^ the spectrum of Z} 


a-\- ic 

Z I—>■ {{a — ic)Z{b — id)){{aic)Z{bid))~^ 


As a result, if we pick a sequence of gk such that more than d different 

values, then the family {^Cgk ■ SymdM^ —>• ddSDd} give an atlas for ddSDd = 

2.4. Invariant cone field and partial order. 


2.4.1. Invariant cone field. We construct an invariant cone field C on Shilov bound¬ 
ary. For iin{ddSHd) = SyrudR, we consider a cone field {h : h G TSymdM., h > 0}. 
Then using the tangent map of defined in last subsection, we get a cone field 
C on TUsymiC^). 

It is easy to check that the cone field {h > 0} is invariant under symplectic 
action. Therefore the cone field C is well-defined and invariant under U(d, d) n 
Sp{2d, C)—action. 
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2.4.2. Partial order defined on the universal covering space. For Usym{C‘^), consider 
its universal covering space UsymijC'^), denote the covering map by 11 : Usymif^'^) —t 

Then we can lift the cone field C to a cone field C on Usym{C^), which 
is invariant under the lift of the Sp{2d, C) fl U{d, d)—action. 

Using C, we define a partial order ” < ” on Usym{'C^)', we say Zq < Zi, if there 
is an path p : [0,1] —>■ Usymi'C^) such that 

(2.2) p{0) = Zq,p{ 1) = Zi,p'{t) e C{p{t)) 

For the determinant function restricted on Usym{C‘^), we pick a continuous lift 
det : Usymif^'^) —t R, such that 


(2.3) TT o det = det oil 
where 

(2.4) TT : §\7r(a;) = e“ 

To check ” < ” is actually a partial order and for later use, we have 

LEMMA 3. (1) Suppose Z G C/sym(C'^), for a path p : [0, 1] —>■ Usymi^‘^) such 

that p{0) = Z,p'{0) G C(Z), we have 

^|t=odet(p(t)) > 0 

(2) The order ” < ” defined in (12.21) is a strict partial order, i.e. there is no 
Z, Z\,Z 2 G Usym(C‘^) such that Z < Z and Z\ < Z^ < Z\. 

(3) For any Z G 17sym(C'^), any continuous lift of the path 9 i—>■ e^’’^Z is mono¬ 
tonic with respect to the order ” < ”. 

(4) Any lift of the Sp{2d, C) D C/(d, d)—action preserves the order ” < ”. 


Proof. Suppose 1 ^ the spectrum of Z = TI(Z), by computation for Z3n(p'(0)) := 
PI G C{Z), there is an h G Syrud^, h > 0 such that H = —i{Z — l)h{Z — 1). Then 


det(n(p(t))) 


det(Z + fid + o{t)) 

det{Z — it{Z — l)h{Z — 1) + o{t)) 

det{Z) det(l - it{l - Z*)h{Z - 1) + o(t)) 

( Z is a, unitary matrix.) 

det(Z) det(l + it{l — Z*)h{l — Z) o{t)) 


notice that (1 — Z*)h{l — Z) is positive dehnite, lift to the covering space we have 
f^\t=odet{p{t)) > 0. 

In the case 1 G the spectrum of Z, we can get other expression of the tangent 
vectors in C{Z) by ^Cgk-i the proof is similar. In summary we get the proof of 

(I). 

As a corollary, we have 

(2.5) if Zi < Z 2 then det(Zi) < det(Z 2 ) 


which implies (2). 

For (3). by taking the derivative, we need to prove iZ G C{Z). We only prove it 
in the case I ^ the spectrum of Z, for other cases the proof is similar. 
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By computation, C{Z) = {—i{Z — l)h{Z — l),h > 0,h G SymdS.}. Take h = 
— Z{1 — Z)~'^, then it can be checked that h G SyrudM, h > 0, and —i{Z — l)h{Z — 
1) = iZ, which implies iZ G C{Z). 

(4). is the corollary of invariance of the cone field under the lift of the Sp{2d, C) fl 
C/(d, d)—action. □ 

2.5. Bergman metric and the volume form on SDd- In this section, we define 
the Bergman metric on SDd which is a generalization of Poincare metric on the 
Poincare disc, (see [32) for example) In particular, the symplectic group action 
preserves the Bergman metric. 


Definition 8 . Let D be a bounded domain o/C”, dX be the Lehesgue measure on 
C”, let L^{D) be the Hilbert space of square integrable functions on D, and let 
denote the subspace consisting of holomorphic functions in D, the 
is closed in Lf{D). 

For every z G D, the evaluation evz : f f{z) is a continuous linear func¬ 
tional on L^’^{D). By the Riesz representation theorem, there is a function r]z{') € 
such that 

evzif) = f fiOVziOdXiC) 

JD 

The Bergman kernel K is defined by K{z,C) = PziCf). 


Definition 9. Let D C C" be a domain and let K{z,w) be the Bergman kernel on 
D, consider a Hermitian metric on the tangent bundle ofTzC^ by 

for z G D. Then the length of a tangent vector ^ G Tz'CT is given by 


IICIIb.z := 

This metric is called Bergman metric on D. 


\ *j=i 


We denoted by d the Bergman metric on SDd ■ We have the following lemma 
for d. 


LEMMA 4. (l).For A G Sp{2d,'M.), Zi, Z 2 G SDd, 

diAZi,AZ2) = d{Zi,Z2). 

(2). For t G (0,1), t ■ SDd := {tZ,Z G SDd} is a bounded precompact set under 
metric d. And we have 

d(tZi,tZ2) Si td(Zi, Z 2 ) 

Proof. (1) is the basic property of Bergman metric, i.e. Bergman metric is invariant 
under bi-holomorphic map.(2) see Lemma 6 of |15] . □ 

We give a explicit formula of Lebesgue density dX on Symd'C. Let Cy denote the 
matrix such that all the entries are 0 except the one in f—th row and j—th column 
is 1. Let Eii = ea and Eij{i ^ j) = Cij-GCji, then Eij,i < j form a basis of Symd'C. 
Then we can define the Lebesgue density on Symd'C, i.e. 

(2.6) \dEii A dEii A • • • A dEij A dEij A • • • A dEdd A dEdd\,i < j 
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For Z S SDd^ let V(Z)dA(Z) be a volume form on SDd induced by the Bergman 
metric on point Z. Without loss of generality, we can assume 1^(0) = 1. Then we 
have: 

LEMMA 5. If ai{Z), 1 <i < d are the singular values of Z, then 
i/(z) = ni<,<4i - 

Proof, see Lemma 6 in |15] for a computation of Riemann tensor for Bergman 
metrics for general Hermitian symmetric space. □ 


3. Fibered rotation function and complexification of Lyapunov 

EXPONENTS 

Let us now fix A G L°°{X, Sp(2d, R)). For ct G R, t > 0, tr + it G C+ U R, we 

sin(CT + it) ■ Id\ 
cos(ct + it) ■ Id) 

The main aim of this chapter is the following theorem, which gives the complex¬ 
ification of L‘^{ A): 

Theorem 3. There is a function f defined on U R satisfying the following 
properties: 

1. f is a holomorphic on C'*’. 

2. f’s real part p is continuous on U R, non-inereasing on R. 

3. —C’s imaginary part = L'^{A„j^it), which is subharmonic on C’*’ U R. 

Remark 4. The function p defined here is the fibered rotation function (up 
to multiply 27:) in It is a generalization of fibered rotation number for a 

Schrodinger or SL{2,]&.) —cocycle homotopic to identity. 

The strategy to prove Theorem [3] is similar to the discussion in section 2 of [S] . 
But different from the 1—dimensional case, the proof of monotonicity of the fibered 
rotation function is not trivial. We have to use the partial order defined in the last 
section. 


consider the following deformation of A: 


A 


C7 + it 


cos(tT -I- it) ■ Id 
- sin(CT -I- it) ■ Id 


Notice that Arj+u = 


3.1. Definition of Denoted by T the set 

{A G Sp{2d, R), 1 • SPDd C SPDd} 

where SPDd is the projective model of the disc SDd. For a matrix A G T, we can 
define the function ta ■ SDd —>■ GL{d,C) satisfying the following: 


(3.1) 




TAiZ) 


In fact the Mdbius transformation: 


A ■ Z is well-defined for A G T, Z G SDd'. 


suppose 
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Since A - SPDd C SPDd, then 


* 

CZ + D 


€ SPDd, therefore CZ + D is invertible. 


As a result, ta{Z) = CZ + D. 

For T, denoted by T its universal cover considered as a topological semi-group 
with unity id. Then there exists a unique continuous map f: 

(3.2) f : T X SDd —>■ C such that r(id, Z) = 0 and = det(TA(Z)) 


This map satisfies 

(3.3) f (A 2 A 1 , Z) = f (A 2 , Ai ■ Z + t{Ai, Z)) 
and the following lemma: 

LEMMA 6. For any A G T, and any Z, Z' G SDd, 

(3.4) af(i,Z) =-|lndet(TA(^))| 

(3.5) \^f(A, Z) - (i, Z')\<d-K 


Proof. (j3.4|l is the consequence of (13.2p . For (j3.5L suppose A = 


* 

C 



No¬ 


tice that det(r_A(^)) = det(Z3)det(l -I- D~^CZ), and by Proposition 2.3 of [ 33 ], 
< 1. Then by well-definedness of Mobius transformation on SDd, the 
spectrum of matrix 1 -|- D~^CZ, Z G SDd is contained in a half plane, which im¬ 
plies (13.51) . □ 


Now if 7 : [0,1] —T is continuous, and 7 : [0,1] —>■ T is a continuous lift, we 
define Sjt(Zo, Zi) = f ( 7 ( 1 ), Zi) — f ( 7 ( 0 ), Zq)-, notice that it is independent of the 
choice of the lift. 

For X G X, consider a path ^x{s) ■= ^^(s)(x), s G [0,1], where ho.zi ■ [Oj 1] 

C’*' U R is a continuous path such that lzo,zA^) = zo,lzo,zii^) = zi. Then we can 
define 6zo,zi^ ■ X x SDd x SDd -)> C by Szg.zi^ix, Zq, Zi) = 6 j^t(Zq, Zi). Notice 
that Szg^zii is independent of the choice of lzo,zi- 
Using the dynamics f : X ^ X, we define 

Szo,z,^n -.XxSDdXSDd^C 

1 ok ok 

5zo,zAn(x,Zo,Zi) := - '^Szo,zii(f’'{x),A,^^{x) ■ Zo,A^^(x) ■ Zi) 
k=0 

where A (x) := A(f^~^(x)) ■ ■ ■ A(x). 

We denote Sz^ short for do,zC- As in [9], we study the limit of Sz^n'. 

LEMMA 7. The limit of 35z^n(x, Zq, Zi) exists for ^—almost every x, all z G C+, 
and all Zq, Zi G SDd. Moreover it is independent of the choice of Z\. 


Proof. The proof of d = 1 can be found in Lemma 2.3 of |9]. For general d, for any 
Z G SDdwe identify Z with a vector Vi(Z) A • • • A Vd{Z) G A‘^(C^‘^), where Vi(Z) 

are the column vectors of the matrix ( ^ I. Therefore we define 


(3.6) 

L‘^iA,x) 

:= lim iln||A'^(A)(x)|| 

n —>00 Ji 

(3.7) 

L‘^(A,x,Z) 

:= lim iln||A'^(A)(T)-Z|| 

n—^oo 71 
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By Oseledec theorem, the limit exists for ^—almost every x € X and all Zq G SDd- 
We claim that for ^—almost every x G X, for all 0 G C+, Zq, Zi G SDd, 

(3.8) lim 3d,Ux,Zo,Z,) = L‘^{A,x,Zo) - L‘^iA,,x) 


The proof is basically the same as Lemma 2.3 of [9], we only need to check the 


following: for z G C+, Z G SDd, 


Z 

Id 


transverses to all the Oseledec stable subspace 


of A^{x). 

O 

Consider A„^it,t > 0. By Lemma |4l Aa-^n uniformly contracts the Bergman 
metric of SDd, and there exists a measurable function m^{a + it,-) : X —>■ SDd 
which is bounded from dSDd and holomorphically depends on ct + it, such that 


(3.9) 

Moreover 


(cr + it, f{x)) = Aa+it {x) ■ mA{a + it, x) 


mA{a + it, x) 

Id 


in the Grassmannian represents the unstable direction 


of the cocycle A'^{A„^it) (see remark of [33], or section 3 and section 6 of 0). 
In particular, for all Z G SDd, z G C+, the distance 


d(A^ (x) ■ Z, m+(z,/"'(x))) 


goes to 0 exponentially fast, by Oseledec theorem, Z must transversal to all the 
Oseledec stable subspace. □ 


LEMMA 8 . For all z G C+ U ffi., Imin^oc Jx^^z^nix, Zq, Zi)dfi{x) exists for all 
Zq, Zi G SDd- Moreover, it is continuous on C"*" UM and independent of the choice 
of Zq, Zi. 

Proof. For zq, z\ G C"*" U M, Zq, Zi G SDd, let 


(.^07 .^ 1 ; .^ 0 ; .^ 1 ) ■— / ZQ,z\f,n{x, Zq, Z\)dp/{x) 

Jx 

As in section 2 of [3], by (13.51) and (13.3L we have 


(3.10) 


2dTT 


\^5zo,zAn{x,Zo,Zi) -3l6zo,zAn{x,ZQ,Z[)\ < - 


Then for any n,l > 0, by /—invariance of /i and last equation. 


(3.11) 


|a„(zo, 2 : 1 , ^ 0 , Z’l) - ai{zo, zi, Zq, Zi)| 

< |a„(zo, -21, ^ 0 , Zi) - aniizo,zi,Zo, Zi)| 

+ |ai(zo, -21, ^ 0 , Zi) - ani{zQ, Zi, Zq, Zi)| 

1 r !lz^ 

-7 / '^\'^^z,o,zi£.n{x,ZQ,Zi) 

i=0 

- ^5z,,zAn{x, A^^if-^AA) ■ Zq, A"^(/-"^(x)) • Z,)\dfd{x) + 

1 f 

+ - / y^\^Szo,zAiA,Zo,z,) 

- m6z„zMx,Alif-^Ax)) • ZQ,Ai{if-^Ax)) • Z,)\dfiA) 

^ 2dTT ^ 2dn 
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Since A G L‘^(X, S'p(2d,R)), for any Zo,Zi, an(-, ■, Zg, Zi) is continuous. By 
(I3.11L an(-, ^0, Zi) converges ( uniformly on any bounded subset ) to a continuous 

function on (C'*' UM)^. By (13.101) we know this limit function does not depend on 
the choice of Zq, Zi. □ 

Remark 5. By the same proof, we can prove for any measurable sections 

Zq, Zi : X ^ SD^ 

linin^ca Zo(x), Zi(x))dfj,(x) cxists and does not depend on the choice 

of Zq, Zi. 

Now we can define function C: 

C(^) := lim 

n—^oo 

then we claim f satisfies all conditions of Theorem |3l 


0 , 0)dfi{x) - iL^{A^) 


fx 


3.2. subharmonicity and holomorphicity. We have the following lemma for 
the subharmonicity of Lyapunov exponents. 

LEMMA 9. The map z i— >■ L^{Az) is a subharmonic function for A G L°°{X, GL{d, C)). 

Proof. Notice that z i—>■ L^{Az) is the limit of the decreasing sequence of sub¬ 
harmonic functions z i—^ Jy In || Whs^P (see [5] Lemma 2.3 for exam¬ 
ple). □ 


By (|3.8|1 and the subharmonicity of Lyapunov exponents we get ( satisfies (3). 
of Theorem [3l By Lemma El p is a continuous function on U R. 

Now we prove () is a holomorphic function on C+. For z G C’*', since m'^{z,x) 
depends on z holomorphically, 



Szfnix, 0 , m+(z, x))dfi{x) 


is a sequence of uniformly bounded holomorphic functions of z. By the proof of 
Lemma [7] and Remark El 


lim / 6z^nix,0,m'^{z,x))dfj,{x) = lim / dzf.nix,0,0)dp(x). 

n—foo J^ n—^co J^ 

Then by Montel theorem, lim„_>oo 0, to+(z, a:))(ip(a:) depends on z 
holomorphically. By the definition of C we get is a holomorphic function on C+. 


3.3. Fibered rotation function is non-increasing. To prove Theorem El we 
only need to prove p is non-increasing on K. At first, we give a proof for d = 1, 
which gives us the basic idea for the general case. 

For all z € and any lift of A G SL{2, R), we have the following equation: 

(3.12) = 

Notice that lim d\5gfn{x, Zi,Z 2 )p{x) does not depend on the choice of Zi, Z 2 , 
we can assume Zi, Z 2 G . 
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Then to prove p is non-increasing on R, by definition of C and (13.1211 we only 
need to prove for any xSX, and any continuous lift of the path 

Ag{f^{x)) ■ ■ ■ Ag{x) ■ z,9 gR, denoted as 

'Ae{f'^ix))---Ag{x)- z 

is monotonic with respect to 0. Here the lift 7 for a curve 7 : R. —>■ is a continuous 

function on R such that tt o 7 = 7, where 7r{x) = e“. 

In fact, for 0 > 0 we have 

■ ■ ■ Ag^x) ■ z 

— • • • e^^^A{x) ■ z 

> • • • e‘^^^A{x) ■ z 
(the lift of the rotation is a translation) 

> H(/"(a:))H(/”“i(x)) • • • e^'‘^A{x) ■ z 

O 

(the lift of the A action preserves the order) 

> ••• 

> A{f^{x))A{f^-'^{x))---A{x)-z 

Then p is non-increasing when d = 1. 

For d > 1, we have the following lemma to replace (13.1211 . 

LEMMA 10. For all Z G UsymiC^), and any lift of A G Sp(2d,M.), 

(3.13) det(H • Z) = 


Proof. By (13.3p , f behaves well under the iteration, so by Cartan decomposition of 
5'p(2d,R), we only need to prove (j3.13|l for 





{U-Tj ” [lis-s-^) 


us-s-^: 

ks+s-^: 


where U is an arbitrary unitary matrix, S is an arbitrary real non-singular diagonal 
d X d matrix. 

For the first case. 


det(l • Z) = det{UZU^) = det{U f det(Z) = det(Z) 


For the second case, 
det(H • Z) 

= det((5 + S-^)Z + {S- S-^)) det((5' - S-^)Z + {S + 

= det{{S + S-^) + {S- S-^)Z) det((S' - S-^)Z + {S + 

■ det(Z)( since Z G UsymiC^), Z~^ = Z) 

^ g-2iArg(det((S-s-i)z-i(S-LS-i))) det(Z)( since S' is a real matrix) 

= det{Z) 


□ 
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Come back to the proof of the non-increasing property of p. As in the case d = 1, 
by (I3.13L we have to prove for all x G X, Z S Usymi'C'^), any continuous lift of the 

O O 

path det{Ae{f^{x)) • • • A6i(x) • Z), d G R is monotonic with respect to 9. 

O O 

In other words, we need to prove for any continuous lift of the path Ae(/”(x)) ■ ■ ■ Aff(x)- 


O 


O 


o 


o 


Z, denoted as Ae(/"(x)) • • • Ag{x) ■ Z, we have that det(Ae(/"(x)) • • • Ag^x) ■ Z) is 
monotonic with respect to 9, where det is defined in (12.31) . 

By (3), (4) of Lemma [H using the order defined in the subsection 12.4.21 as the 
1 —dimensional case, we have for 0 > 0, 


(3.14) 


Ag{f^{x)) ■ ■ ■ Ag{x) ■ Z > A(/”(x)) • • • A{x) ■ Z 


But by (1). of Lemma [21 det is monotonic with respect to the order ” < ”. Com- 

^ O O 

Lining with last equation, we have that the function det(Ae(/”(x)) • • • A6i(x) • Z) is 
monotonic with respect to d, which completes the proof of Theorem [3l 


4. A KOTANI THEORETIC ESTIMATE 


The main aim of this chapter is Theorem |4l which is a higher dimensional gen¬ 
eralization of Lemma 2.6 in [9]. We introduce the concept of function firstly. 

0-1 

4.1. The m -function. By Lemma 01 A^_^f,t > 0 contracts the Bergman metric 
uniformly on SDd- we can define m~{a — it,-) G SDd,t > 0 which depends on 
a — it holomorphically, such that 

O 

(4.1) m“(cr - it, f{x)) = Acr_it{x) ■ m~{a - it,x) 

For later use, we consider the following property of m~: for < > 0, by (ED and 
the definition of function T(.)(-), there exists a function T/i^_it(x)(w~(o' — it,x)) G 
GL{d,C) such that 


(4.2) A,_u 

Moreover we have: 
LEMMA 11. 

(4.3) Ao-+it 


m {a — it,x) 

Id 


m {a-it,f{x)) 
Id 


{a-it,x)) 


Proof. We denote A for Ao-+it, A_ for A^-u, rn~ for m~ (a — it, x), rh~ for m~(a — 
it, fix)), r„ for TA„_it(rc)('Ri~(<T— it, x)). Recall that C is the Cayley element defined 
in (ED, then by (14.211 we have 


A_ 

CA.C'-i 

A_C-^ 


m- 

Id 

m- 

Id 

m- 

Id 


Id 

rh- 


j j T_ ( by definition of A) 


= c- 


rri- 

Id 
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Take complex conjugate for both sides of last equation, we have 


AC-^ 


AC-^(CC-^ 


CAC-\CC 


-1 


A(CC 


-1 


m_ 

Id 

rnZ 

Id 

rri- 

Id 

m_ 


Notice that CC~^ = 


0 Id 
Id 0 


Id 

, we have 

Al^ 

m 


= c-i 


= c-i 


m_ 

Id 

m_ 

Id 


) = cc- 


) = CC-I 


77l_ 

Id 

77l_ 

Id 


Id 

fh~ 


□ 


Now we can state Theorem [H 

Theorem 4. For almost every (Tq G ® such that L{A„g) = 0, we have that: 
(!)■ 

lim sup 
t^o+ 

+ 

( 2 ). 

lim inf / \\m~^{ao + it,x)) — m~ (ao — it,x)\\'^dfd{x) = 0 
‘^0+ Jx 

To prove Theorem 31 we introduce the following concepts. 


1 


lx I - \\m+{ao + it,x)\\^ 

[ _^_ 

/x 1 - \\m (tro - it,x)\\‘^ 


d^{x) 

dyL{x) < oo 


4.2. q—function and Lyapunov exponents. 

O 

Definition 10. Consider the derivative of the holomophic map Z i—>■ Aa-^it(x) ■ Z 
at point m'^{a + it,x), denote qa+it{x) as the Jacobian of the derivative with respect 
to the volume form induced by the Bergman metric. 

By the discussion before Lemma[51 we have the following expression of g—function 


LEMMA 12. 
(4.4) 


_ dm+{a + it,f{x)) V{m+{(j + it,f{x)) 
dm+(cr + ft, cc) T(m+(cr + ft, a;)) 


where I ^Xn+^(<T+)f I Jacobian of the map Z i—)> Ag,jgit{x) ■ Z at point mA{a-\- 

it, x) with respect to the Lebesgue measure dX defined in S2M . 


The following lemma gives a explicit formula of | '^Xn+(CT+ifL^)^^ 


LEMMA 13. 


I dm"*" (<7+2t,/(lc)) I 

I (im+(cr+2t,ic) I 
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Proof. We only need to prove the following: for an arbitrary Z € Syrud'C, G 

Sp{2d, C) such that CZ + D is invertible, the map 

SymdC -)> SymdC 

X hA {AX + B){CX + D)-^ 

at point Z has Jacobian (with respect to dX) \ det(C^ + 

At first, by computation the tangent map of {AX + B){CX + at 

point Z is: 

SyuidC I—>■ SyuidC 

H ^ {A-{AZ + B){CZ + D)-^C)-H-{CZ + D)-^ 


We need the following equation for symplectic group: 


LEMMA 14. For an arbitrary Z G SyrudC., 
is invertible: we have that 
(4.5) {A-{AZ + B){CZ + D)-^C)-- 

Proof. Since ( ^ n ) ^ Sp{2d,C), we have that 


fA B 


I G Sp{2d, C) such that CZ + D 
{CZ + D)-^'^ 


(4.6) a"'"C, B'^D are symmetric. A^D — C^B = 1 
Moreover, for all Z G SymdC such that CZ + U is invertible, we have that 

(4.7) {AZ + B){CZ + D)~^ is symmetric. 


then 


(4.8) {AZ + B){CZ + D)-^ = (D^ + ZC'^)-i(B^ + ZA^) 

By 621), to prove Lemma na we have to prove: 

(4.9) {A - {D^ + ZC^)-\B^ + ZA^)C){CZ + Of = Id 
Multiply by + ZC"’" from the left to both sides, we need to prove 

(4.10) {D^ + ZC^)A{CZ + Df = {B^ + ZA'^)C{CZ + Df + {D^ + ZC^) 

which is the consequence of (ILHI) . □ 

Come back to the proof of Lemma [131 by last lemma the tangent map of —>■ 

{AX + B){CX + at point Z is 

SymdC I—>■ SymdC 

H {CZ + ■ H ■ {CZ + D)-^ 

So Lemma [T51 is the consequence of the following lemma: 

LEMMA 15. Suppose g G GL{d,C), the linear map 

SymdC -)> SymdC 
H ^ g^Hg 

has jacobian \ det with respect to the density dX on SymdC. 
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Proof. The Jacobian behaves well under the multiplication on GL{d,C). By the 
polar decomposition of GL(d,C), we only need to prove the lemma in the case g 
is diagonal or g is contained in the unitary group. When g is diagonal, the lemma 
can be verified by computation directly. Notice the Jacobian of the map gives a 
homomorphism from GL(d, C) to (M^, x). So it maps the unitary group to the 
unique compact subgroup of x): the identity. □ 

□ 


By our construction of m'^, for t > 0, 

O 

the cocycle A‘^{A). As a result, we have 


m'^ 

Id 


represents the unstable direction of 


(4.11) L^{A„+it)=[ \n\detTA^^,,(cc){m+{a + it,x))\dg{x) 

J X 

Combining (14.111) and Lemma [121 IHl get 

(4-12) L’^{A^+it) = - hiq^+uix)dfi{x) 

4.3. Boundary behavior of Lyapunov exponents. As in Kotani theory and [9], 
using the results of Theorem |3l we get the following lemma for boundary behavior 
of Lyapunov exponents. 


LEMMA 16. For almost every tJo € R such that L{A„q) = 0, 


(4.13) 


lim 

(->■0+ 


t 


i9L‘^(Ao.(,+it) 

m 


Proof. We follow the proof of Theorem 2.5 in [^. By upper semi-continuity of 
for every cto G R such that L{Aag) = 0, we have 

(4.14) lim L^{Aa„+^t) = 0 

t^o+ 

Then 


lim 

t-!.0+ 


t 


lim 

t->-o+ 


L‘^{l^<To+it) — L'^{l^ao+i0+) 
t 


lim 

t-).0+ 


ft dL (ACTQ+it) 

Jo+ at 

t 


To prove Lemma 1161 we only need to prove the following limit exists for almost 
every (Tq G R. 


(4.15) 


lim 

t^o+ 


dL‘^{AcrQ+it) 

Ft 


By Cauchy-Riemann equations. 


(4.16) - - -= -_(„„ + ,() 

By Theorem IHl since the map p is harmonic on C"*", continuous on C"*" U R, non¬ 
increasing on R, one can say that for Lebesgue almost every o-q G R, (see Theorem 
2.5 of 0) 


hm -^(cto + 
t-s-o da 



(4.17) 
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Since p is non-increasing, the derivative of p on K exists almost every where, which 
implies the limit in (14.151) exists for almost every (Tq- D 

4.4. Proof of Theorem 14], Now we come back to the proof of theorem. By 
Lemma m for almost every (Tq G R such that L{Aag) = 0, we have (14.131) holds, 

limt_>o+ exists and is finite. 

We claim that for these CTo, equations (l).(2).of Theorem|3]hold. From now to the 
end of the proof of Theorem 31 we denote for simplicity mA for m^(cro ± it, x), fh^ 
for m^{<Jo±it, f{x)), t for TA,,^+it(x){'m+{cro+it, x)), t_ for {a-it, x)), 

A for Aao+it{x), A- for Aao-it{x), L'^ for L‘^{Acrg+it), q for q^g+itix) . 


4.4.1. proof of (1). of Theorem^ Notice that Acrg+u = 
an expression of q by the singular values of rh. 

LEMMA 17. 

(4.18) 

1 — 

Proof. By Lemma [12] and the definition of q, 

V(rn'^) .dm+i 


Acrg, we have 


= 


F(to+) drh+ 
V{e^*nA) V{m+) 


dmA 


^2t(<P+d) 


F(m+) F(e^‘TO+) de^‘m+ 

( since SDd has d'^ + d real dimension) 


F(e 


■) 


,2t(dP+d) 


V{m+) 

( since m i—>■ e^^fhA is an isometry for Bergman metric ) 

by Lemma [5]) 


g- 2 i(d +d) 




— e‘^*ai{fhy 


□ 


Using that for r > 0,0 < s < e ^ we. have 
(4.19) 

by last lemma, we get 




1 — e’'s 1 — s 


Ing ^ > — 2t(d^-I- 


d) + + 1 ) ^ i ~ _|_42 

1 — aAmA V 

i=l J 


= 2(d-f i)ty 

^ ^ > 2 ^ 1 -Cr,(TO+)2 

By (I4.12L since = 2 (d+i) fx we have 
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An analogous argument yields 


(4.21) 



^ + a^{rh y 
1 - a^(?fi-y 




Then we conclude that 


(4.22) 


— >lf + g»(w+)^ 

t ~ 2 Jx ^ 1 - Crj(TO +)2 


l + a,(TO )^ 

1 - at{rh- f 


)dfi 


By our assumption of cto, we get the proof of (1). 


4.4.2. map A and basis ®(-,-). To prove (2)., we consider the following map: 

Definition 11. Let Mat 2 d,d{C) be the space of all 2dx d complex matrices, we can 
define the map: 

A:Mat2d,d{Q ^ A‘^(C2'^) 

X !->• xi A . A Xd 

where {xi, 1 < i < d} are the column vectors of X. 


The following lemma lists some properties of A we will use later. Recall that 
for A G GL(2d,C), A^(A) is the natural action induced by A on A^(C^'^). For 
arbitrary two 2d x d matrices X, Y, denote 


(4.23) 


DA{X){Y) :=linr 


A(A + fy)-A(A) 
t 


LEMMA 18. For A G GL{2d,C), B G GL{d,C), X,Y G Mat 2 d,d{C), supppose that 
X = (xi,... ,Xd), Y = (j/i,... ,yd), where {xi, I < i < d}, {yi, 1 < i < d} are the 
column vectors of X, Y respectively, then we have the following equations: 

(4.24) A''(A)-A(A) = A(A • A) 

d 

(4.25) DA{X){Y) = "^xi A ■ ■ ■ A Xi-i Ayi A Xi+i A ■ ■ ■ A Xd 


(4.26) DA{AX){AY) 

(4.27) A{X ■ B) 


A'^(A) • DA{X){Y) 
det(B)A(A) 


Proof. By computation directly. 


□ 


From now on we identify A^'^(C^‘^) with C as the following: 

Identification If zu G A2d(c2<i) = 

c(zc’) ■ ei A ■■■ A e 2 d, then we identify w with 

c{'cu). Here Ci are standard basis of 

Now we define a collection of basis of A‘^(C^‘^) for later use. 

Definition 12. Suppose X,Y G Mat 2 d,d{'C) are with rank d, and the column vec¬ 
tors {xi,l < i < d},{yi,l < i < d} of X,Y are linearly independent, then the 
following subset in A‘^(C^'^) forms a basis of A'^{G?‘^): 

{xi^ A • • • A Ayj^A--- A yj^j^ : I,J C {1,..., d}, 

|/| + I J| = d,fi < 12 < . . . , jl < J2 < ■ • • } 


denoted by f8{X,Y). 
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For any element oj G the coefficient of xi A ■ ■ ■ A Xd for the expansion 

of u! with respect to the basis is 

(4.28) _ ujAiy,A---Ayd) _ 

xi A ■ ■ ■ Axd Ayi A ■ ■ ■ Apd 
Here we use the identification above. 

We will use the following lemma later. 

LEMMA 19. Suppose X,Z G Mat 2 d,d{C) are with rank d, and the column vectors 
{xi, 1 < i < d}, {zi, 1 < i < d} of X, Z are linearly independent, then the coefficient 
of A{X) for the expansion of DA{X){Y) with respect to the basis i8(X, Z) is the 
trace of the matrix (X, Z) • Y. (the trace of a 2d x d matrix is the sum of the 
diagonal entries) 

Proof. Suppose {X,Z) ^ -Y = ( ) 

\°o/ ] 

(4-29) Y=(^... J2k=ii^kiXk + hiZk) 

By (|4.25l) we get that 

d 

DA{X){Y) = '^xi A ■ ■ ■ Axi-i Api Axi+i A ■ ■ ■ Axd 


, then 




l<i<d 


2=1 

d 


= ^ Xi A • • • A Xi-I A C^iakiXk + bkiZk)) A-- - Axd 


2=1 

d 


fc=l 


= ^ auxi A - ■■ AXdY other term in 1B(X, Z) 


i=l 


(trace of {X, Z) ^ ■ Y)A{X) + 
other terms in 1B(X, Z) 


which gives the proof. 


□ 


4.4.3. proof of (2). of Theorem\^ Come back to the proof of (2). At first, 


(4.30) 

Take the inverse, 


A 


Id 


Id 


(4.31) 


A 


-1 / ~ + 


Id 


m 

Id 


-1 


Let the operator A acting on both sides of (14.311) . we get: 

1 +' 


(4.32) 


A(A 


-1 / ~ + 


Id 


) = A( 


Id 




Then differentiate with respect to t, 


(4.33) 




A(A 


-1 / - + 


Id 


) = 


1 


d 


dt det 


-A( 


Id 


)( by 
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Using Lemma [m to compute the derivative, we get 


left of 033 = DA(i'7“U)(d(r7“j)) 


= MG (7j)(M (^A)A 


1 /.=, + \ o 1 0 0 0 1 

Id 


, -1 


7A 


i9m+, 

0 / ^T' 


= -VG ).ifA(|”M)( 


Ij\ dfh^ 


0 / dt 


where we use (I4.26|l and §;A = 


-Id 


Id 


A in the last equality. 


. 1 d det T ^ . f m~' ,, 

„gU of 033 = ) 


1 „ . . / m+ ^ , V Id\ dm~^ . 


det 


-DA{ 


Id 


)( 


0 dt 


Notice that 


A<^{A) ■ A( 


Id 


) = HA 


Id 


A(l™ G) 


G‘^-A(r;_ I) 


Applying — A‘^(A) to both sides of (I4.33p . by previous discussion we have 

the key equation 


“<l't))<(7f I) - “< 


iTT- '^ \ ^A Id\ dfhA 


Id 


)( 


0 / dt 


) = 


1 + 


1 d det . 7 w .. 
detr dt Wd 




4.4.4. the key equation. To analyse each term of the key equation, for 


Id 


h 

rh~ 


Afat 2 d,d(C), we consider the basis ®(^ j j t ))' actually a basis since 

||to+||,||to-|| < 1 , det ^^^0. 

/ 7n+\ 

For the key equation, the following lemmas give the coefficients of A( ( ^ )) for 

the expansion of each term with respect to the basis ®(j , j )• 
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LEMMA 20. The coeffcient o/A( 


Id 


with respect to the basis j , ) is the trace of {Id — rh m+) ^{Id + 

Proof. By Lemma IT^ to prove lemma [2(11 we only need to compute 

/ tR “t" T j \ 

(4.34) 


) for the expansion of DA{ 


Id 


Id 


)( 


1 + 

Id rh- 


—m ' 

Id 


In fact 
Then we get 


/ TO"*" 


f {rh nTA 

-Id) ^fh- 

1 

1 

\I<1 

= 

rh J 

\Id + TO+(/d - 

- rh~m^)~^fh~ 

—fh'^{Id — rh m^) 


(4.35) 


'TO' _/-TO 

Id fh-J \ Id 
By Lemma fTHl we get the proof of Lemma [201 

1 + 


_ f{Id-rh-m+) ^{Id + ' 


l TO’*') 


LEMMA 21. The coeffcient of A{ 


Id 


with respect to the basis (( ^ ) , ( )) is 


det 


TO ' Id 


1 + 

Id rh 
Proof. Using (14.281) . 


Id 

-1 


) for the expansion of DA{ 

Id 


Id 


Id 


■DA{ 




)( 


Id\ i9m+ 


O; dt 


)AA((;^)) 


LEMMA 22. The coeffcient of A{ 
1 


Id 




) for the expansion of 
+\ /r.\ 9m+ , 


TO^ 


)( 


dt 


-) 


with respect to the basis ™ )) is 


det 


Proof. Let X = 


+ 

Id rn 
Id 

the coefficient 


Id 

-1 


Id 


■DA{ 


Id 


)( 


Id\ 9m+ 


0 J dt 


)AA(|;^)) 


ITi = ( 0 ) ”5 = By 038 ye get 


1 


det T 


(A^(A) ■ DA{X){W,)) A A( ( ^ )). det ( ^ 


Id 




1 


det T ■ det r_ 


(A''(A) • DA{X){Wi)) A (A‘^(A) • A{W2)) 


■ det 


TO 


Id 


-1 


^ — I (use Lemma fTTI) 

Id m- I '• 


1 


det T • det r_ 


A^^(A) • {DA{X){Wi) A A(IU 2 )) • det ( 

Id TTl 


□ 


)(( 0 ^ 


□ 


-1 
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To prove Lemma [22l we only need to prove the following equation: 


(4.36) 




Id 


det(A)det( ^ 7^] = det r det t_ det ( ^ 


Id rn 

which is just a corollary of (I4.30p and Lemma [TTJ 


Id 


□ 


Now come back to the key equation. By Lemma I20I21I221 taking the coefficient 


of A( 


Id 


we have 
(4.37) 


in the key equation and integrating with respect to the measure fi, 

1 d det r 


tr((/(i — m m’*') ^{Id + rh •frr))d^ = 


lx 


Consider the real part, which gives 
(4.38) 


X detr dt 
dL'^ 


-dfj. 


I 93(tr((/d - TO-TO+) ^(/d + m-TO+)))ci/r = 


4.4.5. A trace inequality and the rest of the proof. By (14.2211 and Lemma 1161 we 
have that 


< 


lim inf 
t->-o+ 



1 + ai{rh+)'^ 

1 - (Ti(m+)2 


l + ai{rh )^ 
1 - (Ji{rh~Y 


—fH(tr((/d — m“m^) ^{Id +'rh~mA)))dp. 
lim _ i 9 L'^(Acrij+it) 

t-^o+ t dt 

0 


Compare with (2). of Theorem |4l to finish the proof, we only need to prove the 
following inequality: 


LEMMA 23. 

1 ^ 1 + g»(TO+)^ 1 + cri(m~)^ 
2^ 1 — (Ti(TO+)2 1 — tTi(m“)2 

— 'iK{tr{fId — fh~m^)~^{Id + rh~mA))) 

> ||TO+-m"||^s 


Proof. Notice that for ||a:|| < 1, = 2(1 — x) ^ — 1 = —1 + and 

771“ = (rh~)* We have that: 

left of Lemma [23] 


= E 


1 

1 - (Ti(m+)2 


--——^ - 2fHtr((/d - m 77i+) ^ 

1 - ai{m-y 


CX3 d 

= E^E 0’i(d7+)^'' + ai{rh~y'') - 2D\tT{{{m~)*rh''~ f) 

k—0 i—1 

CXD 
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Then the proof of Lemma[23]is the consequence of the following matrix inequalities: 
for arbitrary d x d complex matrices X,Y,k > 1, 

tr((X*X)'= + > 2D\tr{{X*Y)'^) 

iv{X*X)+tv{Y*Y)-2d\tv{X*Y) = WX-Yf^g 

□ 

5. Density of positive Lyapunov exponents for continuous symplectic 

COCYCLE 

5.1. Herglotz function. We recall that m is called a Herglotz (matrix valued) 
function if m is an analytic matrix valued function defined on C"*" and Im(m{z)) 
is a positive definite Hermitian matrix for all z € C'*", we list some basic properties 
we will use (see [23]). 

LEMMA 24. The function m(-) has a finite normal limit m(cr+zO''") = limf_^Q+ m((T+ 
it) for a.e. a G M. Moreover if two Herglotz function mi, m 2 have the same limit 
on a positive measure set on R, then mi = m 2 ■ 

Notice that 4)^^ • m^[-,x),^ff} ■ m~( — ,x) are Herglotz functions. 

5.2. M— function. Consider the following definition of M—function, which is in¬ 
troduced in |7]. 

Definition 13 . For A G L°°(X, S'p(2d, M)), we denote 

(5.1) M{A) := the Lehesgue measure of {9 C [0,2tt], L{Ag) = 0} 

We hope to prove for generic A, M{A) = 0. At first, we prove it for a family of 
symplectic cocycles taking finitely many values. 

5.3. Symplectic cocycles taking finitely many values. We introduce the fol¬ 
lowing definition of deterministic, which is similar to the definition for Schddinger 
operator in and m- 

Definition 14 . For A G L°^(X, Sp(2d,R)), we say A is deterministic if A{f'^{x)),n 
0 is a.e., a measurable function 0 /{A(/"(a;)), n < 0}. 

As [30], we have the following theorem for the M—function for symplectic cocy¬ 
cles. 

Theorem 5. Suppose A G L°°(X, Sp(2d,R)) such that 

(1) .A{x),x G X only takes finitely many values. 

(2) .A{f‘^{x)),n G Z, is not periodic for almost every x G X. 

(3) .If A{x) ^ A{y),x,y G X, then A(a;)“i(0) ^ A{y)-^{0). 

We have M{A) = 0. 

Proof. We know that for almost every x G X, A{f'^{x)),n > 0 can determine the 

O 

function m~{x). In fact, for z such that fl(z) < 0, Az(a;)“^ uniformly contracts the 
Bergman metric on SDd, so like the property of to— function in Kotani theory, we 
have that 

(5.2) m~{z,x) = lim Az{x)~^ ■ ■ ■ Az{f^{x))~^ ■ 0 

n—^co 

But we also have the following lemma for the inverse problem: 
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LEMMA 25. If a cocycle A G L°°(X, Sp(2d,R)) satisfies (1), (3) of Theorem\^ then 
the function m~{z,-),z G C"*" determines {A{f "'{■)), n > 0} in the sense that if 
x,y G X such that A{f^(x)), A{f'^{y)), n > 0 are bounded, and m~{-,x) = m~{-,y), 
then A{p{x)) = A{p{y)),n> 0. 

Proof. Let z tends to oo along the line {lH(z) = 0,U(z) < 0} in (15.21) . we get 

(5.3) lim m~(z,x) = A{x)~^(0) 

lH(z)=0.a(z)^—oo 

o 

By (3) of TheoremjSl we know that m~{-,x) can determine A{x), by 

O 

(5.4) A^[x) ■ m~{z,x) = m~{z, f{x)) 

it implies m~(-,x) can determine m~{-,f(x)), using the same method again, we 

O 

can determine A{f{x)). Repeat this process, we determine all A{f^{x)),n >0. □ 

Come back to the proof of Theorem [S] Suppose M{A) > 0, we claim that under 
the assumptions (1),(3), A must be deterministic. Then by Kotani’s argument in 
[30] . A must be periodic, which contradicts the assumption (2). 

In fact, the set {A(f^(x)),n < 0} determines m~^(-,x). If M{A) > 0, by (2). of 
TheoremlH m+(-, x) determines m“(-, x) on a full mesure subset of {0 : L{Ae) = 0}. 

By Lemma [24l since • m+(-, x), <I>^^ • m~{—-,x) are Herglotz functions, 
m+(-,x) determines m~{ — ,x) on all of C+. By Lemma {A(/"(x)),n > 0} 
is determined by {A{f'^{x)),n < 0}. That means A is deterministic. □ 

5.4. Continuous symplectic cocycles. 

Theorem 6. Suppose f is not periodic on supp{fi), then the set of A such that 
L{A) > 0 is dense in C{X,Sp{2d,R)). 

Proof. At first we consider the following lemma: 

LEMMA 26. Suppose f : {X,p) —)> {X,p) (f ^ idj is ergodic, then there is a residual 
subset of cocycles A in C{X, Sp{2d,M.)) such that M{A) = 0. 

Proof. We follow the proof in [7] . At first we consider the following lemma: 

LEMMA 27. There exists a dense subset Z of L°°(X, Sp(2d,M.)) satisfying all con¬ 
ditions of Theorem\^ 

Proof. By Lemma 2 of [7], the cocycles in L°°{X, Sp{2d,R)) satisfying the first 
two conditions of Theorem [S] are dense in L^{X, Sp{2d,M.)). But for each cocycle 
A satisfying the first two condition of Theorem [5l we can find a new cocycle A' 
satisfying all conditions in Theorem [5] and arbitrarily close to A. □ 


LEMMA 28. For every r > 0, the map 

{L^X,Sp{2d,R))CiBr{L°^{X,Sp{2d,R))),\\-\\i) ^ R, 

A hA M(A) 


is upper semi-continuous. 


Proof. The proof is the same as the SL{2,M.) case, since we have the formula in 
[33] to replace the Herman-Avila-Bochi formula in [6] for 5'L(2,IR.) case. And by 
Theorem |3l L‘^{Az) is harmonic for z G C+ and subharmonic on C+ U M, we can 
move the proof for SL(2,R) case in |7] to here. □ 
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LEMMA 29. For A € C(X, Sp{2d, R)), e > 0, 5 > 0, there is an A' € C(X, Sp{2d, R)) 
such that ||A — A'Woc < e, M{A) < 5. 

Proof. The proof is almost the same as Lemma 3 of [7] , we only need to use the set 
Z in Lemma [27] and Theorem [5] to replace the set Z and Kotani result in Lemma 
3 of [7]. □ 

Come back to the proof of Lemma [26l for 5 > 0, we define 

Ms = {Ag C{X,Sp{2d,R) : M{A) < J} 

By Lemma im Ms is open, and by Lemma Ms is dense. It follows that 
{A G CiX, Sp{2d, M) : M{A) = 0} = ns>oMs 
is residual. □ 

Come back to the proof of Theorem |6l Let P C X he the set of periodic orbits 
of /. If p{P) < I, then using Lemma E51 we get the proof. 

Assume p{P) = I, we follow the argument of Lemma 3.1 in [2]. Let Pk C X 
be the set of periodic orbits of period fc > 1. Since / is not periodic on supplp), 
Fn = Ufe<„Pfc ^ supp(p) for every n > I. Thus there are arbitrarily large n such 
that p{Vn\Pn-l) > 0. 

Choose such a large n, and take x G supp{p)\Pn\Pn-i. We can approximate any 
A G C{X, Sp{2d, R)) by some A! which is constant in a compact neighborhood K of 
{f^{^)}k=o- details of the following argument can be found in the Appendix [A1 

here we only give an outline. We will prove that there is a constant C independent of 
n, / such that for generic {A'{f'^{x))}, there exist 0 G with L{Ag{x)) > 0. 

(Since A' is locally constant near the orbit of a; G supp{p), we have L{Ag) > 0. ) 
Otherwise there is an open interval / contained 0 and |/| > O(^), such that for 
all 9 G I, all the eigenvalues of Ag^\x)) are norm I, where |/| is the length of I. 
But in the Appendix |A| we will prove for any interval I' such that 

(5.5) V9 G I', all the eigenvalues of Ag^\x)) are simple and norm I 
we have 

|/'| < o(i) 

As a result, there are two intervals /i ,/2 C / satisfying (15.51) and sharing common 
boundary point 9o such that Ag^\x) has repeated eigenvalues with norm 1. But 
this can not happen for generic choice of {A'(f^(x))}. 

□ 


6. The proof of Theorem [H 

By Theorem ini as in the 57^(2, R)—case, to prove Theorem (U we need a local 
regularization formula similar to Theorem 7 in [2] . 

At first we need the following lemma: 

LEMMA 30. Suppose A G C{X, Sp{2d, M.)), ft C C is a domain. Suppose an analytic 

O _ 

Sp{2d,C)-valued map B is defined on such that for all z G fl,x G X, B(z)-SDd C 
SDd. Then the Lyapunov exponent L‘^{B{z)A) harmonically depends on z G Vl. 
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Proof. The proof is basically the same as the discussion in Chapter [3] for holomor- 
phicity of ^—function. See the remark at page 7 of [S^, and section 3 and 6 of 

0 . □ 

As in [2], let || • ||* denote the sup norm in the space C'(Ar,sp(2d,K)) and 
C'(X,sp(2(i, C)). And for r > 0, let i3,(r),S^(r) be the corresponding r— ball. 
For A e C(X, Sp(2d,R)), a,b G (^(X, sp(2d, R)), we define the following function 

( 6 . 1 ) := £ 

The following local regularization formula is the main result of this chapter. 
Theorem 7. There exists t] > 0 such that if b G C'(Ai,sp(2(i,R)) is r]—close to 
^ j , then for every e > 0, and every A G C(X, Sp(2d,R)), 


( 6 . 2 ) 

when 


g<z6+(l-z=)a) . ^ 


( 1 ) .z G {\ z \ = 1} n 3 { z ) > 0 or z = (\/2 — l ) i,a G 

( 2 ) .z G {jzl < 1} n 3(z) > 0, a G 
Moreover 


(6.3) 


a I— $e(A, a, b ) 


is a continuous function of a G S*(? 7 ) and depends continuously (as an analytic 
function) on A. 


Proof. In fact we only need to prove (16.2L (16.311 is the consequence of (16.211 and 
Lemma |30l see Theorem 7 of [2]. 

To prove (16.211 . we claim there exists a positive number p > 0 such that for 
every point Z G dSDd, {Z'^ = 2', ||Z|| = 1}, for e > 0 small, the path Z^ := 

O 

ge(z&+(i-z )a) . 2' is contained in SDd for x and a in either case (1) or (2). This 

O 

implies there exists eo > 0 small, for all e < eo, • SDd C SDd. By 

O 

iteration, fgj. every e > 0. 

At first, by the ”left-oriented” Zassenhaus formula (see [M], for example), we 
have the following equation for exponential map of matrix when e is small, ||A'||, ||y|| < 

2 . 

(6.4) 

which means there exist a vector W in the Lie algebra with norm less than 0(e^ ||X || • 
||y||), such that 

In addition, we need some notations for a real Lie algebra g and its complex- 
ification = g © ig. For an element c G g''',a, & G g such that c = a + *&, we 
denote 


(6.5) 


91(c) = a, 9(c) = b 


From now to the end of this chapter, we always consider g is the Lie algebra of 
U{d, d) in Sp{2d, C) or R. Then g*' is sp(2d, C) or C. 
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Now we denote R{a,b,z) = D\{zb + (1 — z^)a) = dl{z)b + 9t((l — z‘^)a) and 

I{a, &, z) = 3{zb + (1 — z^)a) = 3{z)b + 3((1 — z^)a). 

Let rj be small, then for z,a in either case (1) or (2) we have the following 
equations: 


O 


(6.6) 

Z^ _ g£(zb+(l-z^)a) _ ^ 

= 

g£(fi+*/) . ^ 

(6.7) 

e^^- Z 

G 

dSDd 

(6.8) 

I{a,b,z) 

= 

_,)+o(7)) 

(6.9) 

||i?(a,6,2;)||* 

< 

2 

(6.10) 

||/(a,b,0)||* 

< 

2 a(z) 


Here (16. 8p comes from the fact that ||3((1 — 2;^)a)||, < 0{ri3{z)) holds for either 
case (1) or (2). 

Denote Z' = e'^^Z. Then by (16.71) we know \\Z'\\ = 1, and we have: 

. z 

= • Z' by dODdHlTIll 




eO(z)( 


-1 


+0(r/)) 


■ z' by (iBia 

gO(e^a(z))gO(e^r;3(z)^)gO(£r)3(z)) _ |'g-2£3(z) 
gO(£(£+r,)3(z)) . (g-2£3(z)^/) ^ 


If e is small enough, since the action on the equation above is a Mobius transfor¬ 
mation, then by computation we have 

< 

for e small, which implies Z^ G SDd- Then we get the proof of Theorem!?] □ 

To hnish the proof of Theorem [T] we need the following short lemma. 

LEMMA 31. Let A G C(X, Sp(2d,R)), a,b G (^(X, sp(2(i, R)) and e > 0, if L^{e^°‘) > 
0 , then ^e{A,a,b) > 0 . 

Proof. As in the proof of Lemma 13.21 and Lemma 2.3 in [2], the map 

is a subharmonic function. 

By subharmonicity, if 7(f) = 0 for almost every t G (—1,1), then j(t) = 0 for all 
t G (—1,1). As a result, if 7(0) > 0, $£(A, a, b) must be positive. □ 

Now we can prove Theorem [T] We follow the argument in [2]. For all 5 > 0, 
A G iB C C{X, Sp{2d,R)), where IB is ample, we need to prove there is a i; G b C 
C(X,sp(2d,R)) such that ||i;||(, < S,L'^{e'"A) > 0. 
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Choose a positive number 77 satisfying the conditions in Theorem [7l and take b S 


b such that b is 77 —close to 


0 

-Id 


Id 

0 


, let e > 0 such that e||b||b < By Theorem 


| 6 l there is an element a G i?*(77) C C'(X,sp(2ci,R)) such that > 0. By 

Lemma EH we have a, 6 ) > 0 

Since b is dense in C'(X,sp(2d,R)), and by Theorem[7]we know the map in (16.31) 
is continuous, there is an element a' G ^*( 77 ) fl b such that a', b) > 0 . 

By Theorem 0 the map 7 ' : s 1 —>■ sa', 6 ) is an analytic function of s G 

[—1,1]. Since 7 '( 1 ) > 0, we can choose 


0 < s < min{l, 


6 

MWh 


} 


such that 7 '(s) > 0. Then there exists t G (—1,1) such that 




Let V = e{tb+{l — t'^)sa'), then v G b, ||n||b < e(|| 6 ||[, + s||a'|lb) < S and L‘^{e^A) > 0. 


7. PROOF OF THE REST OF RESULTS 


7.1. Proof of Corollary [TJ SHSp(2d) and SU{d,d) cocycles. The proof of 
Corollary [T] for SIISp{2d) and SU{d, d) cocycles is similar to Theorem[TJ Consider 
the following correspondences between the concepts used in symplectic cocycle and 
special Hermitian symplectic cocycle. Almost all the following concept also works 
for any biholomorphic transformation group for (non compact) Hermitian symmet¬ 
ric space. 


Sp{2d,R) o 
U{d,d)nSp{2d,C) o 
SHd o 

SDd 

Caylay element-^ ^ O 

A^A:= CAC-^ o 
Sp{2d, R) ^ U{d, d) n Sp{2d, C) 

Mobius transformation o 

^c-SHd^SDd O 

dSDd o 
dkSDd o 
ddSDd = Usym{€-‘^) o 
?niddSIId = SyrudR O 
gives chart : SymdR O 
^ {det(Z - 1 ) ^ 0 } n ddSDd 


SHSp{2d) 

SU{d,d) 

{Z = X + iY, 

X,Y G Her{d),Y > 0} 

{Z,Id- Z*Z >0} 

1 ^Id -i - Id\ 

\J2 \Id i' Id J 

A^A:= CAC-\ 

SHSp{2d) SU{d, d) 

Mobius transformation 

<S>C ■■ {Z = X + iY,X,Y G Her{d), 

Y>0}^{Z,Id-Z*Z>0} 

d{Z,Id-Z*Z>0} = {\\Z\\ = l} 

{\\Z\\ = l,rank(l - Z*Z) = d - k} 

U{d) 

her{d) 

■ her{d) 

^{Z,||Z|| = l,det(Z-l)y^0} 
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atlas t-A 

Bergman metric, volume form CA 

V{Z) o 


be defined similarly. 
Bergman metric, volume form 
on{||Z||<l} 


Consider Aa+u , Aa+a defined as in the symplectic case, we hope to prove the same 
result as Theorem [3] firstly. Obviously we can define ta, f as in the symplectic case, 
and we also have similar results to Lemma IHl |51 

By m, Lemma S] holds for all (non compact) bounded Hermitian symmetric 
space, then we can define mA,m~ as in the symplectic case. So Lemma [7] also 
works for special pseudo unitary group. So we can define function C which satisfies 
condition 1 and 3 in Theorem [3] 

To prove statement in Theorem [3] for SHSp(2d), we need to prove the fibered 
rotation function, the real part of C is non-increasing on R. 

Define the cone field {ft. > 0} on fter(d), and then use the tangent map of ^Cg^, 
to map it to TU{d). As in the symplectic case, it gives well-defined cone fields C,C 
on U{d) and U{d). Using C we give a partial order on U{d) as the case. 

By Cartan decomposition of SHSp{2d) and identity 


det(l -H XY) = det(l -H YX) 


we can get the same equation as in Lemma fTOl Then we can prove the non-increasing 
property of the fibered rotation function as Theorem [31 

To prove the same result as Theorem U) We can use the following equation to 
replace Lemma 1111 

Suppose t > 0, m~ = m~{a — it,x),rh~ = m~{a — it,f{x)) satisfying rfi~ = 

O 

Aa-it{x) ■ m~ . There exists r“ G GL{d,C) such that 


(7.1) 




T 


As in the symplectic case, we can define the q— function, we have the following 
properties for q— function for SHSp{2d) and SU{d,d) to replace Lemma [T31 and 
(ICT) . 


(7.2) 

(7.3) 


L (Afj_|_2^) — Aj [ In(T)d/i(x) 

4d Jx 

dmA((7 + it, f{x)). 


= |det(TA,+„(x))| 


-id 


drrv^{a + it, x) 

Now we can prove Theorem |3| as the following. By non-increasing property of 
fibered rotation function. Lemma |16l holds. And by the same proof as Lemma [T71 
we have 

,e'^‘(l - cri(m+)2). 


(7.4) 






1 — e"^*cri(m+)^ 


2d 


then we have the same inequality for ^ 
Hermitian symplectic case, we use f 


as 114.22p . For the estimate of for 
to replace ( ), t~ defined in (17.11) 
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to substitute r_ defined in Lemma m use (17.11) to replace Lemma ITTl we can get 
the following equation 

/" » . dL'^ 

(7.5) J fH(tr((/d - m“ +771“ 7Ti+)))d^ =-^ 

then the rest of the proof of Corollary [T] for SHSp{2d),SU{d,d) cocycles is the 
same as the proof of Theorem [if^ 

7.2. The proof of Corollary [T} HSp{2d) and 17((i, d) cocycles. To prove corol¬ 
lary [T] for HSp{2d) and U{d,d) cocycles, we consider the following lemma which 
similar to Lemma [27l 

LEMMA 32. There exists a dense subset Z of L°°{X^HSp{2d)) satisfying all condi¬ 
tions of Theorem\^ As a result, for all A G Z,M{A) = 0. 

Proof. Consider a HSp{2d)—cocycle A taking finitely many values, Notice that 
there are cocycles B and C also taking finitely many values and satisfying 

(7.6) B{x) G SHSp(2d), C{x) = c(x) ■ l 2 d, = B{x)C{x) 

And the statement of Lemma E71 also holds for the space of SHSp{2d)—cocycle. So 
we can find a SHSp{2d)—cocycle B', L°°—close to B satisfying all conditions of 
Theorem [SJ 

As a result, the HSp{2d)—cocycle A' := B'C is close to A and satisfying 
all conditions of TheoremjS] In particular M{A') =0. □ 

The rest of the proof is the same as the part after Lemma ^7\ for the proof of 
Theorem m 0 

Remark 6. In general, for a HSp(2d) — cocycle A(x), there is no cocycles B,C in 
the same regularity class as A and satisfying (EH). So we can not use the result of 
SHSp{2d) and SU{d,d) cocycles directly to get the proof for HSp{2d) and U(d,d) 
cocycles. Moreover, since Lemma\l^ does not holds for general scalar matrix A, we 
can not prove corollary ll\ for HSp(2d) and U{d, d) cocycles by mimicking the proof 
of Theorem [7] step by step. 

7.3. Proof of Theorem and Corollary Firstly we consider the following 
classical result for stochastic Jacobi matrices on the strip in (11.31) proved by B.Simon 
and S.Kotani (see [75]L 

Definition 15. For potential v we define the following function, 

M{v) := the Lebesgue measure of {E G R, L(A^“'") = 0}. 

And we say v is deterministic if for n > 0, v{f^{x)) is a measurable function of 
{v{f'^{x),k < 0)}. 

LEMMA 33. Suppose M(v) > 0, then v is deterministic. 


^see appendix ^ for a discussion corresponds to the final part of the proof of Theorem 0 for 
special Hermitian symplectic cocycles. 

®see Appendix El for a discussion corresponds to the final part of Theorem for Hermitian 
symplectic cocycles. 
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Combining Lemma [33]with semi-continuity argument in subsection l5.4l ithe proof 
is the same as in [7], using harmonicity of on upper half plane), we can prove 
result similar to Theorem[0]for stochastic Schrodinger operators and Jacobi matrices 
on the strips since non-periodic potentials which taking finitely many values are 
dense in L°°{X,Her{d)),L°^{X,Symi]M) and 

Then using local regularization formula in [2] (the proof is similar to Theorem 
I6.2|l . we can get the proof of Theorem [2] and Corollary [2l 


Appendix A. Generic periodic (Hermitian) symplectic cocycles 

In this section we finish the proof of Theorem [5] (also for Hermitian symplectic 
cocycles) by considering the generic periodic cocycles. Without loss of generality, we 
consider the dynamics (/, X, y) as the following: f{x) = x + 1 ior x € X ■= "LlnL, 
and for any Z C X, y{Z) = i#(Z'). 

It is easy to see there is a set O c C{X,HSp{2d)) = HSp(2d)^ such that 
O, Of\Sp{2d, M), Or\SHSp{2d) are residual sets in HSp{2d), Sp{2d, M), SHSp(2d) 
respectively and satisfy the following property: for all 0 £ ]R/27rZ, the geometric and 
algebraic multiplicities of eigenvalues of A^f^\x) are 1 and at most 2 respectively. 
And there are only finite 9 £ ]R/27rZ such that a]^\x) has repeated eigenvalues. 
We only need to prove the following lemma: 

LEMMA 34. There is a constant C independent of n such that for A € O, there 
exists 6 G (—^, ^) such that L{Ag) > 0. 

Proof. Without loss of generality, we only need to consider those A with deter¬ 
minant equal to 1. We fix such an A £ O. Suppose there is an open interval I 
containing 0 and |/| > O(^), such that 

(A.1) V9€l,a(4-\x))c{lzl = l} 

where |/| is the length of I. We prove the following lemma: 

LEMMA 35. For any interval I' such that 

(A.2) Vd £ I', all eigenvalues of A^^x) are simple and norm 1 

we have 

|/'l < O(-) 

n 

o (") 

Proof. Suppose P = (a, 6), for 6 £ P, we conjugate it Ag to the matrix with form 
diag(e*^i(®),..., ..., 

where p, p' depend continuously on 6^ Pi = Pi pi + pj ^ 27rZ. 


^in that case where /.t—almost all points are periodic, see Appendix [BI 
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Therefore Pi{b—) + Pi{b—) — pi{a+) — Pi{a+) < 47r. As a result, by the definition 
and property of fibered rotation function p, we have 

(A.3) p(a) - p{b) = 

< 

But as in the proof of Lemma [16] and (I4.22|l . for almost all 9 G I', we have 




d 


2=1 


2n 


+ Pii^-) - P*(«+) - Pi(a+) 


2=1 


2d7T 


(A.4) 


dp dL‘^{Ae+,t) 

dO ~ t ™+ dt 


lim 

t —>^0 t 


> d 


Combined with (|A.3|1 . we get the bound of |/'|. 


□ 


As a result, there are two intervals C I satisfying (lA.ll) and sharing com¬ 

mon boundary point 9o such that det(A/d — Ag"^(a;)) has a double root 
Denote the corresponding general eigenspac^l by Vgo. 

To state the next lemma and for later use we introduce some basic concepts of 
Hermitian symplectic geometry on (see for example 126]). 

Definition 16. The two-form <■,■> is linear in the second argument and conju¬ 
gate linear in the first argument, is a hermitian symplectic form if 


< >= —< ' 4 >, 4 >> 

Let Ci be the standard basis of then we can define a classical Hermitian 
symplectic form < •, • > such that < e^, Cd+i >= 1 for 1 < i < d and < e^, Cj >= 0 
if I* “ j | ^ d. The Hermitian symplectic groups are all transformation preserving 
this form. A basis satisfying the same relation is called a canonical basis. A 
subspace V of is called a Hermitian symplectic subspace if < •,• > jy is 
non-degenerate. If an even dimensional Hermitian symplectic subspace V admits 
a canonical basis then we say V is canonical. A subspace N is called isotropic if 
N C N-^ := {u, < v,w >= Oj^/w G At}. For a 2/—dimensional Hermitian symplectic 
subspace V, if there is an Z—dimensional isotropic subspace N C V, then we call N 
is a Lagrange plane of V. It can be proved that a Hermitian symplectic subspace 
V contains a Lagrange plane if and only if it is canonical (see 1261). 

Now we state the lemma: 


A) 


®A general eigenspace of eigenvalue A of linear transform A is defined by V\ := {v : 3n, (A — 
‘ ■ n = 0} 
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LEMMA 36. By a suitable choice of canonical basis, we can assume Ivg^ 

to be 





/3(0o) 

\ 

(A.5) 


*(d-l)x(d-l) 

gip(So) 

*(d-l)x(d-l) 


V 

*(d-l)x(d-l) 


*(d-l)x(d-l)/ 


/gV(So) 


m) 

\ 

(A.6) 


0(d-l)x(d-l) 

gip(6o) 

0(d-l)x(d-l) 


V 

0(d-l)x(d-l) 


0(d-l)x(d-l)/ 


respectively, where P{0o) 0- 

Proof. Notice that different general eigenspaces are mutually orthogonal (in the 
Hermitian symplectic sense). So Vs„ is a Hermitian symplectic subspace of 

Moreover consider the only one eigenvector v £ Vg^ — {0} and w £ Vg^ — C ■ v, 
then 

(A.7) A - V = A ■ w — £ C - v — {0} 

Therefore computing < Av, Aw > — < v,w > we get 
(A.8) < v,v >= 0 

Since Vg^, contains a Lagrange plane, it is a canonical Hermitian symplectic subspace 
of Then we can pick a vector v' £ Vg^ — C ■ v such that < v',v' >= Q and by 
further normalization we can assume < v,v' >= 1. 

It is easy to prove that is also a canonical Hermitian symplectic subspace. 
Then we can extend v,v' to a canonical basis of C^'^. Then Ag^\ Ag^'^\vg^ have the 
form in (IA.5I) with respect to this canonical basis. □ 

Choose a contour T enclosing but no other points of cr(Ag"^), then for 

9 close to 9q, T encloses exactly two points of cr(Ag”^). Therefore there is a 
2—dimensional invariant space Vg for eigenvalues of contained in the bounded 
region with boundary T. 

Consider the spectral projection ^ Jp —\:^dz of onto Vg. Since cr(Ag"'^) C 

z—A^ 


{\z\ = 1}, we 

have (by suitable choice of branch of z i-A ^/z): 

(A.9) 

0 <9 

^tr(A2(2i Jp^-^dz)) 
^<2l^^T^^dz) 


(A.IO) 

_ o 

/ , ^ 


ytr(A2(2„/p 

Therefore 

(A.11) 

d tr(2i Jp^-^dz) 

<i9 
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Then we get 


= tr(^ f 

^ 2tti Jy 

By (IA.6I) . we have 


r z-A, 




(A.13) 

(A.14) 


tr(A2(- 


27ri Jr z-Ai 


^0 


tr(;^ ; r 

2m Jr z - A^” 


-dz)) = 

■dz) = 


Since ^G s\)sp{2d), we can assume 


A Y 
Z -X‘ 


where F = A*, Z = Z* and tr(A-A*) = 0. Let A, Y, Z be {yij)^ 

respectively. 

By computation we get, 

(A.16) A i i 


Notice that ^ /p 


(A.17) 






:dz is the spectral projection of Ag”^ onto Vg^, 


d . ,1 


i(") 


dz) 


h z- A, 

= (xii - X^) + l3{do)zii 


= tr(^|,.,„A(”)A(:)-^A(:V.J 


Denote A^"Ve by = {bij{9))i<ij<d, then 


(A.18) 


r z - A^ 


-dz)) 


dO 

d 

dB 

= E 

i<j 


|,=,„tr(A2(A("Vj) 

|e=eotr(A^(-Be)) 



^',,(0o) 

1 

h,i{0o) 

bi,j{9o) 

dj,i(do) 



b)49o) 

b'a9o) 


b[A0o) 

bU+M 

1 

6i.i(0o) 

dl,d-|-l(^*o) 

bd+i,i{9o) 

bd+i,d+i{9o) 


&:i+M(^o) 

^d-|-l,d-|-l(^o) 


( since bij{9o) = 0 except {i,j} C {1, d + 1}) 


j = l) i^ij) 


—dz) 

|2 

we have 
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By (IA.5ll . (IA.6ll . (IA.15ll we have 

{ &i.i(^o) &i,d+i(0o) \ (3{eo)\ 

[bd+iA^o) bd+i,d+ii0o)J V 

\b'd+i,i{0o) &d+i,d+i(6'o)y Pido)zii-e^^^^°^WiJ 

Then combining with (IA.18I) we get 

(A.19) 

Combining (IA.19|) . (rA.17|) . (IA.13|) . (IA.14l) . (IA.12|) we get 

(A.20) 011 = 0 

Now we define the monotonic special Hermitian symplectic cocycles: consider a 
cone C on s()sp(2d, K) defined by 

(A. 21) C := {W G sf)Sp(2(i, R) : J ■ W is negative definite} 

where J is defined in Definition [T] Obviously for any W\,W 2 G C, Wi + W 2 G C. 

Definition 17. Let 9 M> Dg G C{X, SHSp{2d,M.)) be a one parameter family of 
continuous symplectic cocycles and in 9. We say it is monotonic at 9 q if 

(A.22) 

for any x € X. 

We have: 


LEMMA 37. If the one parameter family of symplectic cocycle Dg is monotonic at 
9o, then for any n > 0, Dg is also monotonic at 9. 

Proof. First of all we prove the invariance of the cone C under inner automorphism. 
LEMMA 38. For any g G SHSp(2d,M.), gCg~^ = C 

Proof. Notice that for any g G SHSp{2d,R), Jg = {g~^)* J. Then for any IT G C, 
(A.23) JgWg-^ = {g-^yjWg-^ 

is negative definite (since g is invertible and JIT is negative definite). Therefore 
we have for any g, gCg~^ C C. It is easy to prove that the equality holds. □ 


Suppose Dg is monotonic at 9o, then for any x € X, using Lemma 1551 we have 
(A.24) ^\e=9oD^;^\x)Dl;;^~\x) 


fl' 7 

= E ^«o(r-'(^)) • • • Dg^ifix)) ■ i^\e=BoDB{nx))DgM\^))-^) 

i^O 

■{Dg,{r-\x))---Dg,{rix)))-^ GC 

which implies is also monotonic at 9o. 


□ 
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Come back to the discussion of periodic cocycle Ag. It is easy to check that 
the one parameter family cocycles 0 i—Ag is monotonic on R, then by Lemma 

[111 0 i-> is monotonic at 00- As a result, J • ^| 6 (=eo^ 6 i"^^ 0 n^ negative 
definite, using (IA.15I) we get Z is negative definite, which contradicts with (jA.20l) . 
In summary, /i, I 2 cannot have common boundary point. □ 


Appendix B. Generic periodic Schrodinger operator and Jacobi 

MATRICES ON THE STRIP 


For periodic Schddinger operator and Jacobi matrices on the strip, consider the 
corresponding (Hermitian) symplectic cocycle: 

: Z/nZ Sp(2d,R) or SffSp(2d,R) 

where := ,v(x) G ^ SyrudR, SyrudR or her{d) is the 

corresponding potential. As in Appendix we hope to prove the following lemma: 


LEMMA 39. There is a constant C independent ofn such that for generic potential v 
in {SymdR)'^ or her{d)"', there exists E G %) such that L{A^^~'"^) > 

0 . 


Proof. At first we prove the following fact: 

LEMMA 40. For any Jacohi matrices on the strip, the corresponding one parameter 
cocycle E 1 —>■ is monotonic on R. 

Proof. By computation 

(/(x))(a:)) • (cr))-i {/(x))-i 

^ f -Id E-v{f{x)) \ 

\E-v{f{x)) -U-{E-v{f{x))f) 

Id \ (Id -{E-v{f{x))) 

-{E-v{f{x))) Id)'\ Id 

which is negative definite, by definition of monotonicity in Appendix]^ we get the 
proof. □ 

Denote Be{x) := Since E Be(x) is monotonic, mimic the proof 

of Theorem [31 we can define the m—function (taking values in {Z, ||Z|| < 1}), 
fibered rotation function (which is non increasing) and complexify the Lyapunov 
exponent E + it ^ + ip){BE+it)- In fact these properties are already known 

for Jacobi matrices on the strip with form in (II. 3L see [55]; [31] for example or [31] 
for general monotonic symplectic cocycles. 

The proof of Lemma [33] is basically the same as the discussion in Appendix [^ 
At first we prove the following Lemma similar to Lemma 1351 

LEMMA 41. For any interval I' such that 

(B.l) VA G I', all eigenvalues of b(^\x) are simple and norm I 

we have 

|/'| < 0 ( 1 ) 
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Proof. As in the proof of Lemma [35l we only need to prove for almost all E G I', 
we have 

(B.2) limsup ^ 

i-i>0+ i 


where c{d) is a constant independent of n. Let 


where C(x) := 
cles Be+h and 


BE+it{x) := C{f{x))BE+it{x)C{x) 


-1 


Id E-v{f i(a;)) 
Id 


. Then all the dynamical properties of cocy- 


Be+u are the same. Moreover by computation, 


(B.3) 

Therefore we have 
(B.4) 


^BE+^tix) 

dt 




■ BE+it{x) 


BE+it{x) 




O 

+ o{t)) ■ Be{x) 


where B{x) := CBe{x)C~^, C is the Cayley element defined in (12.11) . 

Without loss of generality, we fix an E such that limt_,,o+ ■ rh{E + it,x) 
exists and be finite, where m{E + it, •) is the associated m—function of cocycle 

O 

Be+u- Since • m is the classical m—function taking values in {Z,Im{Z) > 0} 
for Jacobi matrices on the strip (see [28] for example), by Lemma |24| we know that 
almost every E gM. satisfies our condition. 

As Definition [TOl we define by qE+it{x) the Jacobian (with respect to the volume 
form induced by the Bergman metric) of the map 


Z 1 —^ BE+itix) ■ Z 

at point Z = rh{E + it, x). Then similar to the case of symplectic cocycles, we have 

1 


(B.5) 


L<^{BE+it) = 


4d, 


'X 


In 


Moreover as the proof of Lemma [T71 we have 


dE+iti^) = 


V(e^*m(E + it, P{x)) + o(t)) ^ 4 td=+o(t) 


(B.6) 


V{rh{E + it, P{x))) 

4 td=+o(t) , I - a‘f{m{E + it, P{x))) 

1 - {e^*a‘l{rh{E + it, P{x))) + o{t)) 


By our choice of E, limt^o+ + *C/^(2;))) exists and not greater than 1. 

Therefore using the inequality (14.191) . we have 

yx 1 - p{m{E + it, p{x))) 

I - {e‘^^p(m{E E it, p{x))) E o{t)) 

Combining with (IB.61)(IB. 51) we get. 


> 1, when t is small 


(B.8) P{BE+it) > dt + o{t), when t is small 

for almost all E G I', which implies our lemma. 


□ 
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As a result, to prove Lemma [39l we only need to prove for generic potential u, 
two intervals Ii , I 2 satisfying the condition of Lemma |4T] cannot share a common 
boundary point. But in the corresponding part of Appendix we only use the 
condition that the one parameter family 0 1 —>■ Ag is monotonic, then by Lemma l40l 
the proof is the same here. □ 
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